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SECTION 1: ALGEBRA 

 

1. EQUATIONS 

 

1.1 Quadratic Equations are equations of the second degree (i.e. the highest exponent of the variable is 

2).The standard form of quadratic equation is 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 where 𝑎 ≠ 0. 

 

 

 

 

WORKED EXAMPLE 1 
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Solutions 

’ 

 

1.2 Exponential equations 

 

Solving equations where x is part of the exponent: 

• Write the powers as products of prime factors. 

• Aim to get ONE power with the same base on each side of the equation. 

• Equate the exponents. 

• Solve for x. 
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WORKED EXAMPLE 2 

Solve for 𝑥: 

2.1  2𝑥 = 8 

2.2  52𝑥+1 − 1252𝑥−3 = 0 

2.3  3𝑥+1 − 3𝑥−1 = 216 

2.4  2𝑥 = 5𝑥 

2.5  32𝑥 − 12. 3𝑥 + 27 = 0 

 

Solutions  
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1.3 Solving equations with surds 

To solve equations with surds, arrange the equation with the surd on one side of the equals sign and the 

other terms on the other side. Square both sides of the equation and solve for the unknown. Remember to 

CHECK your solutions  

 

WORKED EXAMPLE 3 

Solve for 𝑥: 

3.1  √3𝑥 + 4 − 5 = 0 

3.2  √3𝑥 − 5 + 5 = 𝑥 

Solutions  
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2 QUADRATIC INEQUALITIES 

 

A quadratic inequality involves determining the values of x for which the graph 

of a parabola lies either above or below the x-axis. The following rule is always applicable when working 

with inequalities, change the direction of the inequality sign whenever you multiply or divide by 

a negative number. 

 

 

WORKED EXAMPLE 4 

Solve for x  

1.  𝑥2 − 3𝑥 − 18 > 0 

2. 𝑥2 − 9 < 0 

3. 𝑥2 − 9 ≤ 0 

The critical values are: 6 and 3 

The inequality reads: “greater than zero (not equal to)” 

The critical values are not included in the final solution. Therefore, we will use 

open dots. 
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WORKED EXAMPLE 5 

 

 

WORKED EXAMPLE 6 
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Solution 
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WORKED EXAMPLE 7 

 

Solutions 

1.1  

1.1.1 

 

1.1.2 

 

1.1.3 

 

1.2 
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SECTION 1: ALEGBRA  

EXERCISE 1 

 

EXERCISE 2 

 

EXERCISE 3 
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EXERCISE 4 

 

EXERCISES 5 
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SECTION 1: ANALYTICAL GEOMETRY 

 

1 Introduction 

 

This is previous knowledge to be applied:  

• Straight line graphs:  

 

The standard form of the straight-line graph (𝒚 = 𝒎𝒙 + 𝒄), as well as determining the equation of the line 

from the information given (sketch or co-ordinates of point/s). And to apply the alternate formula.  

𝒚 − 𝒚𝟏 = 𝒎(𝒙 − 𝒙𝟏) and 𝒎 =
𝒚𝟐−𝒚𝟏

𝒙𝟐−𝒙𝟏
 

• Gradients  

 

When the gradients of lines are equal, then the lines are parallel.  

(𝑚𝐴𝐵 = 𝑚𝐶𝐷; ∴ 𝐀𝐁 ∥ 𝐂𝐃)  

If the product of the gradients are equal to −𝟏 , then the two lines are perpendicular to each other.  

𝑚𝐴𝐵 × 𝑚𝐶𝐷 = −1= ∴ 𝐀𝐁 ⊥ 𝐂𝐃)  

• Angle of Inclination  

 

Another alternative to determine the gradient of a line, is to use the Angle of Inclination.: 

tan 𝜃 = 𝑚𝑙𝑖𝑛𝑒  

• The Midpoint M of the line AB will be given by; 

𝑀(
𝑥𝐴 + 𝑥𝐵

2
;
𝑦𝐴 + 𝑦𝐵

2
) 

• The Distance of the line AB between two points A and B will be given by; 

𝑑𝐴𝐵 = √(𝑥𝐵 − 𝑥𝐴)2 + (𝑦𝐵 − 𝑦𝐴)2 

NOTE: If the line AB is Vertical, then we only consider the 𝑦 − 𝑣𝑎𝑙𝑢𝑒𝑠 of the points, i.e. 𝑑𝐴𝐵 = 𝑦𝑡𝑜𝑝 −

𝑦𝑏𝑜𝑡𝑡𝑜𝑚 

If the line AB is Horizontal, then we only consider the 𝑥 − 𝑣𝑎𝑙𝑢𝑒𝑠 of the points, 𝑑𝐴𝐵 = 𝑥𝑟𝑖𝑔ℎ𝑡 −

𝑥𝑙𝑒𝑓𝑡 
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Learners needs to learn the following properties of the following quadrilaterals  
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WORKED EXAMPLE 1 

 

In the diagram below P(x ; –4), Q(–2 ; 5) and R(10 ; y) are points on a cartesian plane. The 

line 2y + x + 5 = 0 is drawn such that it is parallel to line segment QR. 

 

1.1 Determine the gradient of QR.  

1.2 Show that R is the point (10; −1).  

1.3 Calculate the coordinates of M, the midpoint of QR. 

1.4 Determine the equation of the line passing through M, which is perpendicular to line QR. 

1.5 Given QP = QR. 

1.5.1 What type of a triangle is ΔPQR? 

1.5.2 Determine the value of the x-coordinate of P, correct to the nearest whole number. 

1.5.3 Hence, calculate the length of PR to the nearest whole number. 

Solution 
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WORKED EXAMPLE 2 

In the diagram below S(− 2 ; − 5), R(1 ; 4), U(𝑝𝑝 ; 5) and T(7 ; − 2) are points on a Cartesian plane. The 

line RT is drawn to join R and T. 

 

2.1 Determine the gradient of RT.  

2.2 Calculate the coordinates of Q, the midpoint of RT.  

2.3 Determine the length of RT. Leave the answer in the simplest surd form.  

2.4 Show that RT⊥SQ.  

2.5 Determine the equation of the line passing through S and which is parallel to RT.  

2.6 It is given that U is a point, such that the distance of  𝑆𝑈 = 10√2. Calculate the value of 𝑝.  

2.7 Determine whether the line SQ divides ΔSRT in two equal parts. Justify your conclusion with 

calculations.  
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Solutions  
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2 THE EQUATION OF THE CIRCLE WITH THE CENTRE AT THE ORIGIN 

A circle with its centre at origin is defined by the equation 𝑥 2  +  𝑦 2   =  𝑟 2, where 𝑟 represents the 

radius of the circle. 

 

2.1 Determining the equation of a circle 

The equation can be determined when the radius is given or when the coordinates of a point on the circle 

is given. 

 

WORKED EXAMPLE 2 

1 Determine the equation of a circle with its centre at origin and the radius of 3 cm. 

2 Determine the equation of the circle with its centre at origin and passes through the point (√7 ;  4) 

Solutions: 

1.  𝑥 2  +  𝑦 2   =  𝑟 2 

𝑥 2  +  𝑦 2   =   (3)2 

𝑥 2  +  𝑦 2   =  9 

 

2. 𝑥 2  +  𝑦 2   =  𝑟 2 

(√7) 2   +  (4) 2   =  𝑟 2 

23  =  𝑟 2 

∴  𝑥 2   +  𝑦 2   =  23 
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ACTIVITY 1 

1 Find the equation of the circle with its centre at origin and: 

1.1 With radius 11 

1.2 Passes through the point (− 2 ; − 9) 

2.2  THE EQUATION OF A TANGENT 

A tangent is a line that touches the circle at only one point. Even if it’s extended, it will never touch the 

circle again. 

 

• Tangent is always perpendicular to the radius at the point of contact. This means the angle 

between the radius and the tangent is 90𝜊 

• Therefore, 𝑚𝑟𝑎𝑑   ×  𝑚𝑡𝑎𝑛 = −1 (𝑟𝑎𝑑  ⊥  𝑡𝑎𝑛). 

 

WORKED EXAMPLE 3 

3.1 Determine the equation of the tangent to the circle defined by 𝑥 2 + 𝑦 2 = 2 at a point (− 1 ;  1). 

Solution: 

1. 𝑚𝑟𝑎𝑑   =  
𝑦2 − 𝑦1

𝑥2 − 𝑥1
 

𝑚𝑟𝑎𝑑   =  
0  −  1

0  −  (− 1)
 

𝑚𝑟𝑎𝑑   =   − 1 

𝑚𝑡𝑎𝑛 =
− 1

𝑚 𝑟𝑎𝑑
 

 

𝑚𝑡𝑎𝑛 =
−1

−1
                                                        ∴   𝑚𝑡𝑎𝑛 = 1 
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𝑦  −   𝑦1   =  𝑚 (𝑥  −  𝑥1) 

𝑦  −  1  =  1 (𝑥  −   (− 1)) 

𝑦  −  1  =  𝑥  +  1 

𝑦  =  𝑥  +  2 

 

 

 

ACTIVITY 2 

 

2.1 The circle below is defined by the equation 𝑥 2  +  𝑦 2   =  25  

 

Determine the equation of the tangent to the circle at B. 

2.2 A circle whose centre is at the origin passes through the point  (1;  − 3).  

Determine the equation of the tangent to the circle at the point (1;  − 3) . 

2.3  POINT OF INTERSECTION 

The point of intersection of a circle and a straight line is a point at which the circle and the line meet 

(where they are equal). We solve equations simultaneously to find the coordinates of the point of 

intersection. 

• A line segment that cuts through the circle (two points of intersection) is called a secant. 

• A line segment that touches (one point of intersection) the circle is called a tangent  

 

WORKED EXAMPLE 4 

4.1  Determine the point(s) of intersection of the line 𝑥  +  𝑦  =  2 and the circle 

𝑥2  +   𝑦2   =  2 
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Solution: 

𝑥  +  𝑦  =  2  ………………..…eq 1 

𝑥2  +   𝑦2   =  2……………..…  eq 2 

From eq 1   𝑥  =  2  −  𝑦 …..…eq 3 

Subs eq 3 into eq 2 

(2  −  𝑦)2   +  𝑦2   =  2 

4  −  4𝑦  +  𝑦2   + 𝑦2  −  2  =  0 

2𝑦2   −  4𝑦  +  2  =  0 

𝑦2   −  2𝑦  +  1  =  0 

(𝑦  −  1) (𝑦  −  1)   =  0 

𝑦  =  1 

𝑥  =  1               (1 ;  1) 

 

ACTIVITY 3 

3.1  Determine whether the line segment 𝑦  −  𝑥  =  1 will be a secant or a tangent to the 

circle 𝑥2  +   𝑦2   =  13 

3.2  Determine the point of tangency if 𝑥  −  6𝑦 =  37 is the tangent line to the circle 

𝑥2  +   𝑦2   =  37  

 

3 ELLIPSE 

The set of points on a cartesian plane, creating an oval shape are called an ellipse. An ellipse can either be 

vertical or horizontal. 

Standard equation of an ellipse: 
𝑥2

𝑎2
 +  

𝑦2

𝑏2
  =  1 
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WORKED EXAMPLE 5 

5 Sketch the following ellipse: 

5.1 𝑥2

16
 +  

𝑦2

4
  =  1 

 

5.2 𝑥2

1
 +  

𝑦2

2
  =  1 

Solutions: 

5.1 

 

 

 

 

 

 

5.2  

 

 

 

ACTIVITY 4 

1. Sketch the following ellipses: 

1.1. 
𝑥2

9
 +  

𝑦2

25
  =  1 

1.2. 
𝑥2

6
 +  

𝑦2

12
  =  1 
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EXERCISES 

1 Introduction 

Exercise 1 
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Exercise 2 
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Exercise 3 

 

 

2 THE EQUATION OF THE CIRCLE WITH THE CENTRE AT THE ORIGIN 
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EXERCISE 1 

 

 

 

 

 

 

 

 

 

 

 

EXERCISE 2 
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EXERCISE 3 
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EXERCISE 4 
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EXERCISE 5 
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EXERCISE 6 
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EXERCISE 7 

 

3 ELLIPSE 

EXERCISE 1 
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EXERCISE 2 

 

EXERCISE 3 

 

EXERCISE 4 

 

EXERCISE 5 

 

EXERCISE 6 

 

EXERCISE 7 
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SECTION 2: Euclidean Geometry 

1.  Acceptable reasons  
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2. REVISION OF BASIC RESULTS ESTABLISHED IN EARLIER GRADES 

REVISION OF BASIC RESULTS ESTABLISHED IN EARLIER GRADES 

 

Intersecting lines 

1.1     Angles around a point add up to 360o.   

          (Revolution)   

 

 

1.2     The sum of adjacent angles on a straight 

line is 180o. Two angles that add up to 180o are 

said to be supplementary. 

 

1.3     Two angles are complementary if their 

sum  is 90o or a right angle.      

 

  

1.4     Whenever two straight lines intersect, the 

          vertically opposite angles are equal in size. 

 

Parallel lines 

➢ Alternate angles are equal 

              𝐸̂3 = 𝐹̂1     and     𝐸̂4 = 𝐹̂2 

➢ Corresponding angles are equal 

           𝐸̂1 = 𝐹̂1 ;  𝐸̂2 = 𝐹̂2;  𝐸̂3 = 𝐹̂3 and 𝐸̂4 = 𝐹̂4   

➢ Co-interior angles are supplementary 

  𝐸̂4 + 𝐹̂1 = 180𝑜    and     𝐸̂3 + 𝐹̂2 = 180𝑜 
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Types of triangles 

 

Isosceles triangle 

 

Equilateral triangle 

➢ Exactly two sides are equal in length 

➢ The angles opposite equal sides are 

equal. 

                       

➢ All three sides are equal in length 

➢ All three angles are equal, i.e. each angles 

is equal to 60°. 

 

Some general properties of triangles 

❖ The sum of interior angles in a triangle 

is  180o. 

 

❖ The exterior angle of a triangle is equal to 

the sum of the interior opposite angles 
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SECTION 3 : Circle geometry 

 

Different parts of a circle: 

 

Circle theorems are divided into four groups : 

 

Classical method: This is done by writing two columns (HOLY-CROSS), the first being a list 

of statements and the second column a matching list of legal justifications. i.e. theorems and 

axioms referred to as REASONS. 

STATEMENT REASON 

1. 𝐴̂2 = 𝐶̂1 = 35° Alt ∠′𝑠 , 𝐴𝐵 ∥ 𝐶𝐷 

2.𝑀𝐴̂𝑃 + 35° = 75° Ext ∠ 𝑜𝑓 ∆ 
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PROOFS 

Five proofs of theorems that are examinable from grade 11. 

A. In the diagram below, O is the centre of the circle and point T lies on chord RS. Prove the theorem 

which states that if 𝑂𝑇 ⊥ 𝑅𝑇𝑆 then RT=TS. 

 

B. In the diagram, O is the centre of a circle. OD bisects AB. Prove the theorem that states that the 

line from the centre of a circle that bisects a chord is perpendicular to the chord, i.e. 𝑂𝐷 ⊥ 𝐴𝐵. 

 

C. In the diagram below, O is the centre of the circle. Use the diagram to prove the theorem which 

states prove that 𝑇𝑂̂𝑃 = 2𝑇𝐾̂𝑃. 
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D. In the diagram, JKLM is a cyclic quadrilateral and the circle has centre O. Prove the theorem 

which states that 𝐽 + 𝐿̂ = 180° 

 

E. In the diagram below, chords KM, MN are drawn in the circle with centre O. PNQ is the tangent to 

the circle at N. Prove that 𝑀𝑁̂𝑄 = 𝐾̂ 
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1.  Center theorems  

The  line  drawn  from  centre  of  the 

circle perpendicular to a chord bisects 

the chord. 

(line from centre ⊥ to chord) 

 

 

             If  OM  AB, then 

             AM = MB 

The line segment joining the 

centre of the circle to the 

midpoint of a chord is 

perpendicular to the chord. 

(line from centre to 

midpoint of chord) 

 

 

            If AM = MB, then 

            OM  AB 

The perpendicular bisector of 

a chord passes through the 

centre of the circle.  

(perp bisector of chord) 

 

 

 

If OP ⊥ AB and AM = MB, 

then PM passes through O. 

B.  

The angle which an arc of a circle subtends at the center of the circle is twice the angle it subtends at 

the circumference of the circle.      (∠at centre = 2 × ∠ at circle) 

 

⊥

⊥
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C. The angle subtended at the circle by the diameter is a right angle. 

(∠s in semi-circle) OR (diameter subtends right anlge) 

 

𝐶̂ = 90°      (AB is a diameter) 

 

2.  Tangents theorems  

A. The angle between the tangent to a circle and the  

chord drawn from the point of contact is equal to the  

angle in the alternate segment. 

(tan-chord theorem) 

 

BP̂T = Â  and AP̂E = B̂ 

B. A tangent to a circle is perpendicular to 

the radius at the point of contact. 

(tan ⊥ radius) 

 

PT ⊥ OP                                                                             

Two tangents drawn to a circle from the same point outside the circle are equal in length 

(tan. from same pt.) 
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3. Equal chords corollaries  

Equal chords subtend equal 

angles at the circumference of 

the circle. 

 

Equal chords subtend equal 

angles at the centre of the 

circle 

 

Equal chords, in equal circles 

subtend equal angles. 

 

 

4.  Cyclic quad theorems 

A.  The opposite angles of a cyclic quadrilateral are supplementary. 

(opp ∠’s of cyclic quad) 

 

𝐴̂ + 𝐶̂ = 180° and 𝐵̂ + 𝐷̂ = 180° 
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B. The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle. 

(ext. ∠ of cyclic quad.) 

 

𝐶̂1 = 𝐴̂ 

C. Angles subtended by a chord of the circle, on the same side of the chord, are equal. 

(∠’s in the same seg) 

 

𝐷̂ = 𝐶̂  and 𝐴̂ = 𝐵̂ 

 

 

 

 

 

 

C 
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WORKED EXAMPLE 1 

 

Solutions  
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WORKED EXAMPLE 2 

 

 

Solution  
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WORKED EXAMPLE 3 

In the diagram below, ABCD is a parallelogram and RDCE is a cyclic quadrilateral. 

Diagonal AC cuts the circle in E and RE is produced to cut BC in P. AP is joined. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.1 Prove that 𝑅̂1 = 𝐴̂1 + 𝐴̂2.                (3) 

 

3.2 Prove that ABPE is a cyclic quadrilateral.              (4) 

  

Solutions  
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SECTION 3: Euclidean Geometry 

EXERCISES 

Exercise 1 

Question 10 

In the diagram below, O is the centre of the circle. Chord AB is perpendicular to diameter DC.  

𝐶𝑀 ∶  𝑀𝐷 =  4 ∶  9 and 𝐴𝐵 = 24 units  

 

10.1  Determine an expression for DC in terms of 𝑥 if 𝐶𝑀 = 4𝑥 units                                             (1) 

10.2  Determine an expression for OM in terms of 𝑥. (2) 

10.3  Hence, or otherwise, calculate the length of the radius  (4) 

Exercise 2 

Question 7 

In the diagram, AB is a chord of the circle with centre O, M is the midpoint of AB, MO is produced to P, where P is 

a point on the circle. 𝑂𝑀 =  𝑥 units, 𝐴𝐵 = 20 units and 
𝑃𝑀

𝑂𝑀
=

5

2
. 

 

7.1  Write down the length of MB. (1) 

7.2  Give a reason why OM ⊥ AB. (1) 

7.3  Show that 𝑂𝑃 =
3𝑥

2
 units. (2) 
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7.4  Calculate the value of 𝑥. (3) 

Exercise 3  

Question 20 

In the diagram below, PQ is the chord of circle O. OR perpendicular to PQ and OR intersects PQ at T. If 

the radius of the circle is 13 cm and PT = 12 cm. 

 

Calculate the length of: 

20.1  PQ 

 

(2) 

20.2  PR (4) 

Exercise 4 

Question 6 

In the diagram below AB = 80 cm, CD = 48 cm and OF is 10 cm less than OE. 

OF = 𝑥 cm, AF = FB and OE ⊥ CD. 

 

6.1  Determine the following lengths in terms of 𝑥: 

       6.1.1  OE 

 

(2) 

       6.1.2  OC (3) 

6.2  Determine the numerical value of 𝑥. (5) 
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Exercise 5 

8.2  In the diagram below, O is the centre of the circle. Q is the midpoint of chord PR. OQS is the radius of 

the circle. PR = 8 units, OQ = 𝑥 units and QS = 2 units. 

 

      8.2.1  Determine, giving reasons, the size of 𝑂𝑄̂𝑃. (2) 

      8.2.2  Calculate the length of PO. (5) 

Exercise 6 

Question 7 

7.1  Complete the following theorem statement : 

       The angle between the tangent to a circle and the chord drawn from the point of  

       contact is equal to …..                                                                                                                    (1) 

7.2  In the diagram below, PQ is the diameter of circle PQRS with centre M.  

      TS is the tangent to the circle at point S.  

    𝑆1̂ = 38° and 𝑃1̂ = 17° 

 

    Determine, giving reasons, the sizes of : 

       7.2.1  𝑅2̂ (2) 
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       7.2.2  𝑀1̂ (2) 

       7.2.3  𝑆2̂ (2) 

       7.2.4  𝑄2̂ (5) 

       7.2.5  Give a reason why PM is not parallel to SR (1) 

 

Exercise 7 
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Exercise 8 
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Exercise 9 
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Exercise 10 
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Exercise 11 
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Exercise 12 
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Exercise 13 
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Exercise 14 
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Exercise 15 
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SECTION 3: Calculus 

1. LIMITS AND FUNTIONAL NOTATION 

A limit is a value that a function gets closer to when the input gets closer to a certain value. When 

finding a limit, we look at what happens to a function value of a curve (the y – value) as we get closer 

and closer to a specific x – value on the curve. 

When writing a limit, we use the notation 𝑙𝑖𝑚
𝑥→𝑐

 𝑓(𝑥), where ‘lim’ indicates that we are determining the 

limit, the notation 𝑥  →  𝑐 informs us which specific value the x – value is approaching and 𝑓(𝑥) 

represents the function with which we are working. 

 

 

Substitute 𝑐 into 𝑓(𝑥), taking into consideration that the function does not become undefined. 

In the case of UNDEFINED, simplify 𝑓(𝑥) first then substitute 𝑐. 

 
𝑙𝑖𝑚

𝑥 → 0
 
2𝑥 2  +  4𝑥

𝑥
 

 

𝑙𝑖𝑚
𝑥 → 0

 
2𝑥 2

𝑥
  +  

4𝑥

𝑥
  

 

𝑙𝑖𝑚
𝑥 → 0

 2𝑥  +  4 

 

=  2(0)  +  4 

=  4 

Functional notation:  

• Remember that 𝑓(𝑥) is read as 𝑓 of 𝑥. 

• By substituting values of 𝑥 into the function 𝑓(𝑥), one can obtain a set of coordinates (𝑥 ;  𝑦) 

or (𝑥 ;  𝑓(𝑥)) 

 

WORKED EXAMPLE  

 1. Given 𝑓(𝑥) = 2𝑥 + 1 , calculate: 

a) 𝑓(4) 

b) 𝑓(𝑥 + 1) 
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Solutions: 

a) 𝑓(4)   =   2(4)  +  1 

         =   9 

b) 𝑓(𝑥  +  1)   =   2(𝑥  +  1)  +  1 

                    =   2𝑥  +  2  +  1  

                    =   2𝑥  +  3 

 

ACTIVITY 1 

1. Simplify: 

1.1. 𝑙𝑖𝑚
𝑥 → 4

 1   −   3𝑥 

1.2. 𝑙𝑖𝑚
𝑥 → 1

 
𝑥 2 + 3𝑥 − 4

𝑥 − 1
 

2. Given 𝑓(𝑥)   =  𝑥 2   −  4, determine 𝑓(𝑥  +  1). 

2. AVERAGE GRADIENT 

 The gradient of a linear function is simply determined by 𝑚  =   
𝑦2 − 𝑦1

𝑥2 − 𝑥1
 but when we work 

with curves, the gradient changes at each point along the curve. So, we need to determine the 

average gradient. 

Average gradient between two point on a curve is the gradient of the straight line passing 

through those two points. 

 

 

Therefore, the average gradient will be: 𝑚 𝑎𝑣𝑒   =  
𝑓(𝑏) − 𝑓(𝑎)

𝑏 − 𝑎
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WORKED EXAMPLE 

 Find the average gradient of 𝑓(𝑥)   =   𝑥2   −  16 between 𝑥  =  5 and 𝑥  =  9. 

Solution:  

𝑚 𝑎𝑣𝑒   =  
𝑓(𝑏) −  𝑓(𝑎)

𝑏  −  𝑎
 

         =  
(9)2− 16 − ((5)2 − 16)

9 − 5
 

         =   
65 − 9

4
 

          =  14 

 

ACTIVITY 2 

1. Determine the average gradient of 𝑔(𝑥) =  𝑥 3 −  7𝑥 2 − 10𝑥 + 16 between 𝑥  =

− 2   𝑎𝑛𝑑     𝑥  =  4. 

2. A ball thrown out the window from the third floor of a building has a height of 

ℎ(𝑡)   =  𝑡 2  −  9𝑡  +  20 meters after t seconds. Calculate the average velocity of 

the ball between 2  𝑠𝑒𝑐      𝑎𝑛𝑑    4 𝑠𝑒𝑐. 

3. FIRST PRINCIPLES 

From the graph above, line AB is a secant. If point B is moved towards point A, then the distance (ℎ) 

between these two points becomes smaller and smaller thus changing line AB from being a secant to 

being a tangent. 

When the latter happens and the two points now share the same position, we no longer talk about the 

average gradient. We now talk about the instantaneous gradient (gradient at a point), which is also the 

gradient of the tangent or the DERIVATIVE of a function (the limit of the average gradient). 

The derivative can be written as 𝑓 ′(𝑥) and is defined by:  

𝑓 ′(𝑥)   =    𝑙𝑖𝑚
ℎ → 0

 
𝑓(𝑥  +  ℎ)  −  𝑓(𝑥)

ℎ
 

 

The process of finding the derivative is called differentiation. When we use the definition above to 

differentiate a function, it is said that we differentiating using FIRST PRINCIPLES. 
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• Copy the definition (formula) EXACTLY AS IT IS from the formula sheet. 

• Substitute 𝑓(𝑥) and 𝑓(𝑥  +  ℎ). REMEMBER WHAT YOU LEARNT UNDER 

FUNCTIONAL NOTATION. 

• Simplify by breaking the brackets. 

• Simplify by grouping like terms 

• Simplify the fraction and write the final answer 

 

WORKED EXAMPLE 

 Determine the derivative of 𝑓(𝑥)   = 1  −  𝑥 using FIRST PRINCIPLES. 

 

Solution: 

 𝑓 ′(𝑥)   =    𝑙𝑖𝑚
ℎ → 0

 
𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

             =    𝑙𝑖𝑚
ℎ → 0

 
1 −(𝑥 + ℎ) − (1 − 𝑥)

ℎ
 

             =    𝑙𝑖𝑚
ℎ → 0

 
1 − 𝑥 − ℎ − 1 + 𝑥

ℎ
 

             =    𝑙𝑖𝑚
ℎ → 0

 
− ℎ 

ℎ
 

             =    𝑙𝑖𝑚
ℎ → 0

 −  1 

             =   −1 

 

ACTIVITY 3 

1. Determine using FIRST PRINCIPLES the derivative of the following 

1.1. 𝑓(𝑥)   =  2  −  3𝑥 

1.2. 𝑓(𝑥)   =  7𝑥  +  1 

3. POWER RULE 

We will now determine the derivative using the power rule. The following notations are used for the 

derivative: 

𝑑𝑦

𝑑𝑥
 if 𝑦  =   … is given 

𝑓 ′(𝑥) if 𝑓(𝑥) is given 

𝐷𝑥[. . . ]  

All the above notations say we need to differentiate with respect to x. 
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Necessary prior knowledge: 

• How to multiply brackets 

• How change surd form to exponential form: √𝑥 𝑚𝑛
  =  𝑥 

𝑚

𝑛  

• How to remove a variable from being a denominator: 
1

𝑎 𝑛
  =  𝑎 −𝑛 

NOTE: you may not differentiate using the power rule while your expression has brackets, surds 

and/or your variable is a denominator. 

If 𝑓(𝑥)   =  𝑎𝑥 𝑛 , then the derivative will be 𝑓 ′(𝑥)   =  𝑎𝑛𝑥 𝑛 − 1 (Power rule) 

 

Simplify the given expression by removing brackets, changing surds and making sure that 

your variable is not a denominator, then: 

Multiply the coefficient by the exponent, then subtract 1 from the exponent 

 

WORKED EXAMPLE 

 Determine the following  

1.  𝐷 𝑥  [
2(√𝑥 + 1)

𝑥
] 

 

Solution: 

1. 𝐷 𝑥  [
2(𝑥 

1
2 + 1)

𝑥
] 

𝐷 𝑥  [
2𝑥

1
2  +  2

𝑥
] 

𝐷𝑥 [2𝑥 
1
2   +  2𝑥 −1] 

=   𝑥 − 
1
2   −  2𝑥 −1 
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ACTIVITY 4 

1. Determine 𝐷 𝑦 [(𝑦  +  2) 2] 

2. Given 𝑥𝑦  =   √𝑥 3  − 2: 

2.1. Simplify 𝑥𝑦  =   √𝑥 3   − 2 

2.2. Hence, determine 
𝑑𝑦

𝑑𝑥
 

4. EQUATION OF THE TANGENT 

 

• P is a point of tangency (point of contact). 

• A tangent is a straight line; therefore, we determine its equation easily by using: 

 𝑦 − 𝑦1 = 𝑚(𝑥 −  𝑥1) 

• 𝑚 is the instantaneous gradient (derivative) 

• (𝑥1 ;  𝑦1) point of tangency 
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How to determine the equation of a tangent. 

Given the function 𝑓(𝑥) and the x – coordinate of the point of tangency. Do the following 3 

substitutions: 

1. Substitute the given x value into the derivative 𝑓 ′(𝑥) to find the gradient 𝑚. 

2. Substitute the given x value into 𝑓(𝑥) to obtain the     y – coordinate of the 

point of tangency (𝑥 1 ;  𝑦 1). 

3. Substitute the obtained 𝑚 and (𝑥 1 ;  𝑦 1) into 

 𝑦  −  𝑦 1   =  𝑚 (𝑥  −  𝑥 1) and simplify. 

 

WORKED EXAMPLE 

 Determine the equation of the tangent to the curve 𝑔(𝑥)   =  5𝑥 3  +  𝑥 2 at 𝑥  =  1. 

Solution: 

𝑔′(𝑥)    = 15𝑥 2 + 2𝑥 

𝑔 ′(1)   =  15(1) 2  +  2(1) 

             =   17 

𝑔(1)   =  5(1) 3  +  (1) 2  

          =   6               (1 ;  6) 

𝑦  −  6  =  17 (𝑥  −  1) 

𝑦  =  17𝑥  −  17  +  6 

𝑦  =  17𝑥  −  11 

 

How to determine the coordinates of the point of tangency (point of contact). 

Given the function 𝑓(𝑥) and the gradient. Do the following 2 substitutions: 

1. Substitute the given gradient 𝑚 into the derivative 𝑓 ′(𝑥) to find the x 

coordinate. 

2. Substitute the obtained x coordinate into 𝑓(𝑥) to obtain the y – coordinate of 

the point of tangency (𝑥 1 ;  𝑦 1). 

 

WORKED EXAMPLE 

 Determine the point of contact between the tangent with the gradient of 10 and the curve 

𝑓(𝑥)   =  𝑥 2  +  2𝑥  −  1. 
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Solution: 

𝑓 ′(𝑥)   =  2𝑥  +  2 

      10  =  2𝑥  +  2 

        8  =  2𝑥 

        4  =  𝑥 

𝑓(4)   =   (4) 2   +  2(4)  −  1 

         =  23 

 The point of contact is (4 ;  23) 

 

ACTIVITY 5 

1. Determine the equation of the tangent to curve of 𝑓(𝑥)   =  
1

𝑥
  +  1 at 𝑥 = 1. 

2. The tangent with the gradient of 2 touches the curve of 𝑔(𝑥)   =  𝑥 2  −  8𝑥  +  16. 

Determine the coordinates of the point of tangency. 

5. CUBIC FUNCTION 

 Sketching the cubic function: 

To sketch the cubic function, determine these key features: 

• Intercepts (both x and y intercepts) 

• Turning points (stationary points) 

Sketch the graph, clearly indicating the intercepts with the axis as well as the turning points. 

 

• 𝑦 intercept 

Let 𝑥  =  0 and simplify. 

• 𝑥intercept 

Let 𝑦  =  0 and solve a third-degree polynomial by inspection, long division or 

synthetic method. The latter will require you to use FACTOR THEOREM to find the 

divisor (factor). 

NOTE: there can be one, two or three x intercepts depending on the given function. 

• Stationary / turning points of a function 𝑓(𝑥) 

▪ Determine the derivative 𝑓 ′(𝑥) 

▪ Equate the derivative to zero, 𝑓 ′(𝑥)   =  0 

▪ Solve for x, then substitute the obtained values of x into the original function 

𝑓(𝑥) to obtain the corresponding y values. 

• Plot the points and join them 
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WORKED EXAMPLE 

 Given the function 𝑓(𝑥)   =   − 𝑥 3  +  5𝑥 2  +  8𝑥  −  12: 

1. Determine the 𝑦 intercept of 𝑓. 

2. Show that 𝑥  −  1 is a factor of 𝑓. 

3. Hence, determine the 𝑥  −  𝑖𝑛𝑡 of 𝑓. 

4. Determine the coordinates of the turning points. 

5. Sketch the graph of 𝑓, clearly indicate the intercepts with the axis as well as the 

turning points. 

Solution: 

1. 𝑓(0)   =   − (0) 3   +  5(0) 2   +  8(0)  −  12 

         =   − 12 

2. 𝑥  −  1  =  0 

𝑥  =  1 

       𝑓(1)   =   − (1) 3   +  5(1) 2  +  8(1)  −  12 

    =  0 

 𝑥  −  1 is a factor. 

3. 1  
− 1    5    8     − 12
    0  − 1    4        12

 

                (𝑥  −  1) (− 𝑥 2   +  4𝑥  +  12)   =  0 

𝑥  =  1  or   𝑥  =  
− 4 ± √(4) 2 − 4(− 1)(12)

2(− 1)
 

𝑥  =  1   𝑜𝑟   𝑥  =   − 2   𝑜𝑟   𝑥  =  6 

(1 ;  0)   (− 2 ;  0)   (6 ;  0) 

4. 𝑓 ′(𝑥)   =   − 3𝑥 2   +  10𝑥  +  8 

− 3𝑥 2   +  10𝑥  +  8  =  0 

𝑥  =  
− 10  ±  √(10) 2   −  4(− 3)(8)

2(− 3)
 

𝑥  =   − 
2

3
    𝑜𝑟    𝑥  =  4 

(− 
2

3
 ; − 

400

27
)     (4 ;  36) 
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5.  

 

 

ACTIVITY 6 

Given the function 𝑓(𝑥)   =   𝑥3 −  6𝑥2 + 9𝑥: 

1. Determine the 𝑦 intercept of 𝑓. 

2. Show that 𝑥 − 3 is a factor of 𝑓. 

3. Hence, determine the 𝑥  −  𝑖𝑛𝑡 of 𝑓. 

4. Determine the coordinates of the turning points. 

5. Sketch the graph of 𝑓, clearly indicate the intercepts with the axis as well as the 

turning points. 

6. APPLICATION OF CALCULUS 

 Calculus can be used to solve optimisation and rate of change problems, this means we will 

have to find an optimum. The optimum value can be either a minimum or a maximum. 

The same principle used to determine stationary points will be used to determine the 

optimum value. 

 WORKED EXAMPLE 

 The displacement of a ball in meters from the centre of the playground after 

t seconds is given by 𝑠(𝑡)   =  2𝑡 2   −  25𝑡  +  150 

1. What is the initial position of the ball from the centre? 

2. How fast was the ball moving at exactly 6 sec? 
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3. What is the minimum distance between the ball and the centre of 

the playground? 

Solution: 

1. 𝑠(0)   =  2(0) 2  −  25(0)  +  150 

        =  150 

2. 𝑠 ′(𝑡)   =  4𝑡  −  25 

𝑠 ′(6)   =  4(6)  −  25 

        =   − 1 𝑚/𝑠 

3. 0  =  4𝑡  −  25 

4𝑡  =  25 

𝑡  =   
25

4
 

𝑠 (
25

4
)   =  2 (

25

4
)  2   −  25 (

25

4
)  +  150 

           =   71,88 𝑚 

 

ACTIVITY 7 

A tourist travels in a car over a mountainous pass during his trip. The height of the car above 

sea level, after t minutes, is given as 𝑠(𝑡)   =  5𝑡 3  −  65𝑡2   +  200𝑡  + 100 meters. The 

journey lasts 8 minutes. 

1. How high is the car above sea level when it starts its journey on the mountainous 

pass? 

2. Calculate the car’s average rate of change of height above sea level with respect to 

time in the first 2 minutes of the journey in the mountainous pass.  

3. Calculate the velocity of the car 4 minutes after starting the journey on the 

mountainous pass. 

4. After how many minutes will car reach its maximum height above sea level? 

5. Hence, determine the maximum height that the car will reach. 

6. How many minutes after the journey has started will the rate of change of height with 

respect to time be a minimum?   
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EXERCISES 

Average gradient 

Exercise 1 

 

Differentiation : Rules and first principle  

Exercise 1 

 

 

Exercise 2 

QUESTION 6 
  

6.1 Determine 𝑓/(𝑥) using FIRST PRINCIPLES if  𝑓(𝑥) =
1

2
𝑥  (4) 

6.2 Determine EACH of the following:   

 6.2.1 
𝑑𝐴

𝑑𝑟
if𝐴 =  𝜋𝑟2  

(1) 

 

 6.2.2 𝐷𝑥 [(𝑥 − √𝑥)
2

]  
(5) 
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Exercise 3 

QUESTION 6 

 

 

6.1 Determine  𝑓/(𝑥)  using FIRST PRINCIPLES if  𝑓(𝑥) = 2𝑥 + 3  (5) 

6.2 Determine:    

 6.2.1 
𝑑𝑦

𝑑𝑥
 𝑖𝑓 𝑦 = −𝑥−5 + 3𝑥4  (2) 

 6.2.2 𝑓/(𝑥) if 𝑓(𝑥) =
3

𝑥4
−

𝑥

√𝑥
  (4) 

 
 

6.2.3 
𝐷𝑥 [

𝑥2 + 𝑥 − 6

𝑥 + 3
]  

 

(3) 

 

Exercise 4 

QUESTION 6 

  

6.1 Determine  𝑓/(𝑥)  using FIRST PRINCIPLES if  𝑓(𝑥) = 5 + 𝑥  (5) 

6.2 Determine:    

 
 

6.2.1 

𝑑𝑦

𝑑𝑥
 if 𝑦 = 𝑥(𝑥 + 9)  

 

(3) 

 
 

6.2.2 
𝐷𝑥[√𝑥

7
+ 𝜋𝑝3]  

 

(3) 

 6.2.3 𝑓/(𝑥) if 𝑓(𝑥) =
1 − 𝑥9

𝑥2
  

 

 

(4) 

Equation of the tangent  

Exercise 1 
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6.3 

Exercise 2 

The equation of a tangent to the curve of function  g  defined by 𝑔(𝑥) = 𝑎𝑥2 − 𝑥                       

is  3𝑥 − 𝑦 + 2 = 0 

The point of contact of the tangent and the curve of  g  is  (−1; −1). Determine the 

numerical value of  a.  

 

(5) 

 

 

6.4 Given:  𝑔(𝑥) = 1 − 𝑥2   

 6.4.1 Determine the gradient of the tangent to  g  at the point where  𝑥 = −3  (2) 

 6.4.2 Hence, determine the equation of a tangent to  𝑔  at the point   where  𝑥 = −3  (3) 

 

Exercise 4 

QUESTION 6 

  

6.3 Given  𝑔(𝑥) = −4𝑥2    

 Determine:    

 6.3.1 g (2)   (1) 

 6.3.2 The equation of the tangent to  g  at a point where  x = 2   (4) 

Cubic function 

Exercise 1 

 

  

 

 

6.3 

Exercise 3 

Determine the average gradient of the function defined by  ℎ(𝑥) = −2𝑥2 + 2  between 

the points where  x = 0  and  x = 2 

 

(3) 
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Exercise 2 

QUESTION 7 

  

Given:  Function  f  defined by  𝑓(𝑥) = −(𝑥 − 1)2(𝑥 + 3) = −𝑥3 − 𝑥2 + 5𝑥 − 3   

7.1 Write down the   y-intercept of   f.  (1) 

7.2 Determine the  x-intercepts of   f.  (2) 

7.3 Determine the coordinates of the turning points of   f.  (5) 

7.4 Sketch the graph of  f  on the ANSWER SHEET provided. Clearly show ALL the 

intercepts with the axes and the turning points. 

 

(4) 

7.5 Determine the values of  x  for which  𝑓/(𝑥) > 0  (2) 

  [14] 

Exercise 3 

 

7.1 

The graph below represents the function defined by  ℎ(𝑥) = 𝑥3 − 3𝑥2 − 9𝑥 − 5 

• A  and  C  are the turning points of  h.  

• A,  B  and  D  are intercepts on the axes. 

             

 

 

 7.1.1 Write down the coordinates of  B.  (1) 

 7.1.2 Show that  𝑥 + 1  is a factor of  h.  (2) 

 7.1.3 Hence, determine the coordinates of  D.  (3) 

 7.1.4 Determine the coordinates of  C.  (5) 

7.2 Write down the values of  x  for which  h  is increasing.  (2) 
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Exercise 4 

QUESTION 7 

The graphs below represent the functions defined by 𝑔(𝑥) = −(𝑥 + 2)(𝑥 − 1)(𝑥 − 3) and 

ℎ(𝑥) = 2𝑥 + 𝑝 

E  and  F  are the turning points of  g.  

A,  B,  C  and  D  are intercepts on the axes. 

 

 
 

7.1 Write down the coordinates of  C. (2) 

7.2 Write down the value of  p. (1) 

7.3 Determine the length of  AC. (2) 

7.4 
Express  𝑔(𝑥) = −(𝑥 + 2)(𝑥 − 1)(𝑥 − 3) in the form  𝑔(𝑥) = 𝑎 ⥂ 𝑥3 + 𝑏𝑥2 +

𝑐𝑥 + 𝑑  
(2) 

7.5 Determine the coordinates of  E  and  F. (5) 

7.6 Write down the values of  x  for which  𝑔(𝑥) > 0 (3) 
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