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SECTION 1: FIRST PRINCIPLES

Outcomes: At the end of the session learners/ teachers must:
e Be able to find the gradients of basic functions ( linear, quadratic, hyperbola and cubic) from
first principles

Activities

QUESTION 1

Use the definition of the derivative (first principles) to determine 7'(x) if f(x)=2x’

Given: f(x)= -E
x

1.2.1 Determine f'(x) from first principles.
1.2.2 For which value(s) of x will f'(x) > 07 Justify your answer.

Determine f'(x) from first principles if f(x)=9 -x’.

Differentiate f by first principles where f(x) = X =2x.

Determine f'(x) from first principles if f(x)=- 4x%
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SECTION 2: RULES OF DIFFERENTIATION

Outcomes: At the end of the session learners/ teachers must:
e Be able to determine gradients using rules of differentiation

Activities

QUESTION 1

[.1 Determine, using the rules of differentiation:

Show ALL calculations.

Use the rules of differentiation to determine the following:
D [(x-2)x+3)]

Evaluate: ﬁ if y:_rz__l

dx 2%

X

s L
Evaluate i—} if y=%+4¢¥ .

Evaluate:

1.5.1

1.5.2 F') i fx)=Tx+1)°

Evaluate Ll if p=x7% +2x° ==

dx

xt+x=2

Given: g(x) =
x=1

1.7.1 Calculate g'(x) for x=1.

1.7.2 Explain why it is not possible to determine g'(1).
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SECTION 3: SKETCHING OF THE CUBIC
FUNCTION

Outcomes: At the end of the session learners/ teachers must:
o Be able to sketch graphs of cubic polynomial functions using differentiation to determine the
co-ordinate of stationary points, and points of inflection (where concavity changes). Also,
determine the x-intercepts of the graph using the factor theorem and other techniques.

Activities

QUESTION 1
Given: f(x)=-x +x +8x—12
Calculate the x-intercepts of the graph of f.

Calculate the coordinates of the turning points of the graph of f

Sketch the graph of f, showing clearly all the intercepts with the axes and tuming
points.

Write down the x-coordinate of the point of inflection of f.

1.5 Write down the coordinates of the turning points of A(x)= f(x)=3.
QUESTION 2

Given: f(x)=—x —x" +x+10

2.1 Write down the coordinates of the y-intercept of f
2.2 Show that (2 ; 0) is the only x-intercept of f
2.3 Calculate the coordinates of the turning points of f.

2.4 Sketch the graph of f in your ANSWER BOOK. Show all intercepts with the axes
and all turning points.
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QUESTION 3

Given:

3.1

3.2

33

34

3.5

flx)=—x"+3x" -4,
Show that f(-1) =0
Hence, or otherwise, determine the x- and y-intercepts of the graph of £

Determine the coordinates of the turning points of the graph of f

Draw a neat sketch graph of f Clearly show all the intercepts with the
axes and the turning points on the graph.

For which values of x is f increasing?

QUESTION 4

Given:

4.1

4.2

43

44

4.5

g(x) =(x=6)(x=3)(x +2)
Calculate the y-intercept of g.
Write down the x-intercepts of g.
Determine the turning points of g.

Sketch the graph of g.

For which values of x is gfx).g'(x)<0?
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SECTION 4: FINDING EQUATION OF THE
CUBIC FUNCTION AND
EQUATION OF A TANGENT

Outcomes: At the end of the session learners/ teachers must:
e Be able to find parameters of the function, and thus the equation of a function
e Be able to find equations of tangents to functions

Activities

QUESTION 1

The function f(x)==2x" +ax> +bx +c is sketched below.
The turning points of the graph of f are T(2 ;- 9)and 5(5; [8).

'\“y

T(2:;-9)

Show that a=21, b=-60and c=43.
Determine an equation of the tangent to the graph of f at x=1.

Determine the x-value at which the graph of f has a point of inflection.
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QUESTION 2

The graph of h(x)= —-x° +ax +bx is shown below. A(=13:3,5)and B(2 ; 10 ) are the turning
points of A. The graph passes through the origin and further cuts the x-axis at C and D.

F 9

¥y

A(-1;-3,5)

Show thata = % and b= 6.

Calculate the average gradient between A and B.
Determine the equation of the tangentto h at x=-2.
Determine the x-value of the point of inflection of A.

Use the graph to determine the wvalues of p for which the equation

-x +%x2 +6x+ p=0 will have ONE real root.
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QUESTION 3

The graph below represents the functions fand gwith f(x) = ax’ —cx—2and g(x)= x-2.
A and (— 1 ;0 ) are the x-intercepts of f. The graphs of fand g intersect at A and C.

Determine the coordinates of A.

Show by calculation that a= 1 and ¢ = 3.

Determine the coordinates of B, a turning point of f.
Show that the line BC is parallel to the x-axis.

Find the x-coordinate of the point of inflection of £

Write down the values of & for which f(x) = & will have only ONE root.

Write down the values of x for which £ (x) < 0.
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QUESTION 4

The graphs of f(x)=ax’ +bx" +cx+d and g(x) = 6x—6 are sketched below.
A(=1;0)and C(3; 0) are the x-intercepts of f£.

The graph of f has turning points at A and B.

D(0 ;- 6) is the y-intercept of f.

E and D are points of intersection of the graphs of f and g.

Ty

Show that a=2; b=-2; c=-10and d=-6.

Calculate the coordinates of the turning point B.

h(x) is the vertical distance between f{x) and g(x), that is A(x)= f(x)-g(x).
Calculate x such that A(x) is a maximum, where x < (.
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QUESTION 5

The graph of f(x) = -x* +ax® +bx +c is sketched below. The x-intercepts are indicated.

T.v

2
A

5.1 Calculate the values of a, b and c.
5.2 Calculate the x-coordinates of A and B, the turning points of £

53 For which values of x will f(x)<0?

QUESTION 6
The tangent to the curve of g(x)=2x" + px® + gx—7 at x =1 has the equation y = 5x - 8.
6.1 Show that (1 ; — 3) is the point of contact of the tangent to the graph.

6.2 Hence or otherwise, calculate the values of p and q.

QUESTION 7

7.1 Calculate the values of @ and b if f{x)=ax’ +bx+5 has a tangent at x =—1 which
is defined by the equation y=-7x+3
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SECTION 5: GRAPHICAL INTERPRETATION

Outcomes: At the end of the session: the learner must
o Be able to read information from graphs
o Be able to sketch cubic functions from given properties

Activities

QUESTION 1

A cubic function f has the following properties:

A
. f[l = f(3=F==0
2)

l"-.
. f'c2}=f{-—|=0
3)

. f decreases for x [-%; 2] only

Draw a possible sketch graph of f, clearly indicating the x-coordinates of the turning points
and ALL the x-intercepts.

QUESTION 2
2.1 Given: f(x)=ax’ +bx’ +ex+d

Draw a possible sketch of y= f'(x) if a, b and ¢ are all NEGATIVE real
numbers.

QUESTION 3

3.1 The graph of the function f(x)=—x" —x” +16x + 16 is sketched below.

-

¥
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3.1.1 Calculate the x-coordinates of the turning points of £

3.1.2 Calculate the x-coordinate of the point at which f'(x) is a maximum.

Consider the graph of g(x) ==2x" =9x+5.

3.2.1 Determine the equation of the tangent to the graph of gat x =-1.
322 For which values of g will the line y = —5x + g not intersect the parabola?
Given: h(x)=4x> +5x

Explain if it is possible to draw a tangent to the graph of & that has a negative
gradient. Show ALL your calculations.

QUESTION 4

The graph of y = f'(x), where f isa cubic function, is sketched below.
Ty

Use the graph to answer the following questions:

4.1 For which values of x is the graph of y = f'(x) decreasing?

4.2 At which value of x does the graph of f have a local minimum? Give reasons for
}-’li}l.ll' dnswer.
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QUESTION 5

ax® +hx +¢ represents the derivative, f', of f where fis a

In the sketch below, the graph y =

\“ y

cubic function.

Graph of y = f'(x)

1\/2

Write down the x-coordinates of the stationary points of f.

State whether each stationary point in QUESTION 10.1 is a local minimum or a local
maximum. Substantiate your answer.

Determine the x-coordinate of the point of inflection of f.

Hence, or otherwise, draw a sketch graph of 1
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QUESTION 6

The graphs of y = g'(x) =ax’ +bx+c and h(x)=2x—-4 are sketched below. The graph of
y=g'(x) = ax® +bx +c is the derivative graph of a cubic function g.

The graphs of h and g’ have a common y-intercept at E.
C(-2;0)and D(6;0) are the x-intercepts of the graph of g'.
A is the x-intercept of h and B is the turning point of g'.
AB || y-axis.

r

¥

Write down the coordinates of E.

Determine the equation of the graph of g in the form y= ax’ +bx+c.

Write down the x-coordinates of the turning points of g
Write down the x-coordinate of the point of inflection of the graph of g

Explain why g has a local maximum at x =-=2.
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SECTION 6: OPTIMISATION

Outcomes: At the end of the session:
e Be able to solve practical problems concerning Optimisation and rate of change, including
calculus of motion

Activities

QUESTION 1

1.1 The depth h of petrol in a large tank, ¢ days after the tank was refilled, is given by
3

h(r}:lz-i-% metres for 0<¢ <4,

1.1.1 What is the depth after 3 days?

1.1.2 What is the rate of decrease in the depth after 2 days? (Give your answer
in the correct units.)

. b . .
A function g(x) =ax’ +— has a minimum value at x=4. The function value at
x

x=4 18 96. Calculate the values of a and b.
QUESTION 2

A tourist travels in a car over a mountainous pass during his trip. The height above sea level of
the car, after ¢ minutes, is given as s(¢) = 5 — 65 +200¢ +100 metres. The journey lasts
8 minutes.

2.1 How high is the car above sea level when it starts its journey on the mountainous
pass?

22 Calculate the car's rate of change of height above sea level with respect to time,
4 minutes after starting the journey on the mountainous pass.

23 Interpret your answer to QUESTION 12.2.

2.4 How many minutes after the journey has started will the rate of change of height with
respect to time be a minimum?

QUESTION 3

Water is flowing into a tank at a rate of 5 litres per minute. At the same time water flows out of
the tank at a rate of & litres per minute. The volume (in litres) of water in the tank at time ¢ (in
minutes) is given by the formula F(z) =100-4¢.

3.1 What is the initial volume of the water in the tank?

3.2 Write down TWO different expressions for the rate of change of the volume of water
in the tank.

33 Determine the value of k& (that is, the rate at which water flows out of the tank).
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QUESTION 4

A particle moves along a straight line. The distance, s, (in metres) of the particle from a fixed
point on the line at time ¢ seconds (¢ = 0) is given by s(t) = 2t —18:+45.

4.1 Calculate the particle's initial velocity. (Velocity is the rate of change of distance.)
4.2 Determine the rate at which the velocity of the particle is changing at ¢ seconds.
4.3 After how many seconds will the particle be closest to the fixed point?

QUESTION 5

Sketched is the graph of y = X, A(ty t*)and B(3 ; 0) are shown.

Al - ) 18 a point on the curve y= x° and the point B(3 ; 0) lies on the x-axis.
Show that AB® =¢* +¢* = 6t+9.

Hence, determine the value of ¢ which minimises the distance AB.
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QUESTION 6

A small business currently sells 40 watches per year. Each of the watches is sold at R144. For
each yvearly price increase of R4 per watch, there is a drop in sales of one watch per vear.

6.1 How many watches are sold x years from now?
6.2 Determine the annual income from the sale of watches in terms of x.

6.3 In what year and at what price should the watches be sold in order for the business to
obtain a maximum income from the sale of watches?

QUESTION 7

A rectangular box is constructed in such a way that the length (/) of the base is three times as
long as its width. The material used to construct the top and the bottom of the box costs R100
per square metre. The material used to construct the sides of the box costs R50 per square
metre. The box must have a volume of 9 m". Let the width of the box be x metres.

[
7.1 Determine an expression for the height (k) of the box in terms of x.

200

1
7.2 Show that the cost to construct the box can be expressed as C = +600x*,
X

7.3 Calculate the width of the box (that is the value of x) if the cost is to be a minimum.

QUESTION 8

A farmer has a piece of land in the shape of a right-angled triangle OMN, as shown in the figure
below. He allocates a rectangular piece of land PTOR to his daughter, giving her the freedom
to choose P anywhere along the boundary MN. Let OM =g, ON =5 and P(x ; ¥) be any point
on MN. M

N(©0;5)

¥

X

9 M (a:0)

Determine an equation of MN in terms of a and 5.

Prove that the daughter's land will have a maximum area if she chooses P at the
midpoint of MN.
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QUESTION 9

A drinking glass, in the shape of a cylinder, must hold 200 m¢ of liquid when full.

TN
N~

Show that the height of the glass, k, can be expressed as & = 202 .

Tr

400
62 Show that the total surface area of the glass can be expressed as S(r)= 1" + —.
¥

6.3 Hence determine the value of » for which the total surface area of the glass is a
minimum.

QUESTION 10

A satellite is to be constructed in the shape of a cylinder with a hemisphere at each end. The
radius of the cylinder is » metres and its height is A metres (see diagram below). The outer
surface area of the satellite is to be coated with heat-resistant material which is very expensive.

The volume of the satellite has to be % cubic metres.

Quter surface area of a sphere = 477>
Curved surface area of a cylinder = 2arh

3

Volume of a sphere = %R‘?’

Volume of a cylinder = arih

Show that A= — —— |

61 3

Hence, show t[mt H-:e outer surface area of the satellite can be given as

4z 7
= +—
3 3r

Calculate the minimum outer surface area of the satellite.
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QUESTION 11

Devan wants to cut two circles out of a rectangular piece of cardboard of 2 metres long and
4x metres wide. The radius of the larger circle is half the width of the cardboard and the

2
smaller circle has a radius that is 3 the radius of the bigger circle.

A=1b A=ar P=2(I+h)

2 metres

527

Show that the area of the shaded region is A(x)=8x- x2.

Determine the value of x, such that the area of the shaded region is a maximum.

Calculate the total area of the circles, if the area of the shaded region is to be a
maximum.
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ANNEXURE A: 2015, 2016 AND 2017 EXAM
PAPERS (DIFFERENTIAL CALCULUS)

2015 June Exam Paper 1 (Differential Calculus)

QUESTION 8
- 4 : ’ . .
8.1 If f(x)=—,determine f"(x) from first principles.
x
8.2 Determine:

8.2.1 L4 if y=5x"+5x+2
dx

822 D_T[zjx_z——-;-x}

Given: p(x) =x +2x

Show, using relevant calculations, why it is not possible for a tangent drawn to the
graph of p to have a negative gradient.

QUESTION 9

The graph of y=ax® +bx+c below represents the derivative of f.
It is given that /’(1)=0, /'(3)=0 and f'(0)=6.

¥
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Write down the x-coordinates of the stationary points of /.
For which value(s) of x is f strictly decreasing?
Explain at which value of x the stationary point of f will be a local minimum.

Determine the x-coordinate of the point of inflection of £ .

For which value(s) of x is f concave up?

QUESTION 10

The mass of a baby in the first 30 days of life is given by
Mt)=0 =92 +3000 ; 0<r<30.
¢ is the time in days and M is the mass of the baby in grams.

10.1 Write down the mass of the baby at birth,

10.2 A baby's mass usually decreases in the first few days after birth.
On which day will the baby's mass return to its birth mass?

10.3 On which day will this baby have a minimum mass?

104  On which day will the baby's mass be decreasing the fastest?
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2016 June Exam Paper 1 (Differential Calculus)

QUESTION 7

7.1 Determine f*(x) from first principles if f(x)=3x? -5

7.2 Determine d—y if:
dx

7.2.1 y=2x +i3
x

y=(x-x?f

QUESTION 8
Sketched below are the graphs of f(x)=(x—2)*(x—k) and g(x) = mx+12

A and D are the x-intercepts of f

B is the common y-intercept of f and g
C and D are turning points of f;

The straight line g passes through A.

C
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Write down the y-coordinate of B.
Calculate the x-coordinate of A.
If k=-3, calculate the coordinates of C.

For which values of x will f be concave down?

QUESTION 9

A 340 m{ can with height 4 c¢m and radius » cm is shown below.

( r a Imt=1em

~

9.1 Determine the height of the can in terms of the radius r. (3)
9.2 Calculate the length of the radius of the can, in cm, if the surface area is to be a

minimum. (6)

9]
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2017 June Exam Paper 1 (Differential Calculus)

QUESTION 8

8.1 Given flx)=3-2x". Determine 7'(x), using first principles.

C12x7 4 2x+1
6x '

8.2 Determine @ if y
i

83 The function [ {x] =x"+bx’+ex—4 hasa point of inflection at (2 ; 4). Calculate
the values of & and ¢.

QUESTION 9

Given: f(x)=x"-x"—x+1

9.1 Write down the coordinates of the y-intercept of f.
9.2 Calculate the coordinates of the x-intercepts of f.

9.3 Calculate the coordinates of the turning points of f.

Sketch the graph of f in your ANSWER BOOK. Clearly indicate all intercepts with
the axes and the turning points.

Write down the values of x for which f'(x)<0.
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QUESTION 10

The figure above shows the design of a theatre stage which is in the shape of a semicircle
attached to a rectangle. The semicircle has a radius » and the rectangle has a breadth 5.
The perimeter of the stage is 60 m.

10.1 Determine an expression for 4 in terms of r.

10.2 For which value of » will the area of the stage be a maximum?
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Mathematics/P1 7 DBE/November 2020

SC/NSC
QUESTION 7
7.1 Determine f /(x) from first principles if f(x)=2x*—1. (5)
7.2 Determine:
d 5 2 3
72.1 —-(\/7 x ) 3)
dx
4x* -9 3
72.2 / f xX1= ; X F—— 4
f) I )= 2 @
[12]
Mathematics P1 7 DBE/November 2021
QUESTION 9 NSC
9.1 Determine £ '(x) from first principles if it is given that f(x)=2x> —3x. ®)
9.2 Determine:
9.2.1 Do y=4x" —6x* +3x 3)
dx
Vx (1Y
2.2 D |—+| — 4
? X [ 2 (3x) ] @
[12]

28



Mathematics/P1 8 DBE/Feb.—Mar. 2018

NSC
QUESTION 8
8.1 Determine f(x) from first principles if f(x)=4x?. )
8.2 Determine:
2
-2x-3
8.2.1 D{x_x__} 3)
x+1
8.2.2 "x) if flx)=+x ®3)
[11]
QUESTION 9
The sketch below represents the curve of f(x)=x"+bx’+cx+d. The solutions of the
equation f(x)=0 are -2 ; 1and 4.
1
B
\ r
X
O

9.1 Calculate the values of b, ¢ and d. €))
9.2 Calculate the x-coordinate of B, the maximum turning point of f. 4
9.3 Determine an equation for the tangent to the graph of f at x =—-1. 4
9.4 In the ANSWER BOOK, sketch the graph of f”(x). Clearly indicate the x- and

y-intercepts on your sketch. €)
9.5 For which value(s) of x is f(x) concave upwards? (2)

[17]

(29]
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Mathematics/P1 9 DBE/Feb.—Mar. 2018

NSC
QUESTION 10
Given: f(x)=-3x" +x.
Calculate the value of g for which f(x)+¢ will have a maximum value of g [6]

[30]



Mathematics/P1 8 DBE/November 2020
SC/NSC

QUESTION 8

The graph of g (x)= ax’ +bx* +cx, a cubic function having a y-intercept of 0, is drawn
below. The x-coordinates of the turning points of g are —1 and 2.

Ah.y
§ g

) | X

/o 3 '
8.1 For which values of x will g increase? 2)
8.2 Write down the x-coordinate of the point of inflection of g. @)
8.3 For which values of x will g be concave down? )
8.4 If g '(x)=—6x" +6x+12, determine the equation of g. 4)

8.5 Determine the equation of the tangent to g that has the maximum gradient. Write

your answer in the form y=mx+c. (5)

[15]

(31]
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Mathematics P1 8 DBE/November 2021
NSC

QUESTION 10

The graph of A(x)=ax’ +bx* is drawn.
The graph has turning points at the origin, O(0 ; 0) and B(4 ; 32).
A isan x-intercept of A.

y
B4 ; 32)
o A -
h

10.1 Show that a=-1 and b=6. (5)
10.2 Calculate the coordinates of A. (3)
10.3 Write down the values of x for which 4 is:

10.3.1 Increasing (2)

10.3.2 Concave down (2)
10.4 For which values of & will —(x—1)°+6(x—1)> -k =0 have one negative and

two distinct positive roots? 3)

[15]

[32]
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Mathematics/P1 8

SC/NSC

QUESTION 9

Sketched below is the graph of f(x)=x" +ax’ +bx+c .

The x-intercepts of f are at (3 ;0) and M, where M lies on the negative x-axis.

K(0 ; -3) isthe y-intercept of f.
M and N are the turning points of f.

9.1

92

9.3

9.4

DBE/2022

‘Vk

Show that the equation of f is givenby f(x)= x* —x* -5x-3.
Calculate the coordinates of N.

For which values of x will:

93.1 f(x)<0

9.3.2 f be increasing

933 f be concave up

Determine the maximum vertical distance between the graphs of f and f " in the

interval —1<x<0.

Copyright reserved

(33]
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€)

(6)
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Mathematics/P1 8 DBE/November 2022
NSC

QUESTION 8

The graph of y = f'(x)=mx? + nx+k is drawn below.

The graph passes the points P(—% ;01, Q(l ; 0) and R(O ; 1).

»

R0 1)

8.1 Determine the values of m, » and k. (6)
82 If it is further given that f(x)=—x’ +x* +x+2:
8.2.1 Determine the coordinates of the turning points of f. (3)
822 Draw the graph of f. Indicate on your graph the coordinates of the turning
points and the intercepts with the axes. %)
8.3 Points E and W are two variable points on f’ and are on the same horizontal line.

e hisatangentto f' at E.
e gisatangentto [’ at W.
o } and g intersect at D(a ; b).

8.3.1 Write down the value of a. (D
8.3.2 Determine the value(s) of 5 for which %# and g will no longer be
tangentsto f . 2)
[17]
[34]
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ANNEXURE C: INFOR

MATION SHEET

A =P(1+ni) A = P(1-ni)

T =a+(n=1)d 8, =

s za!.r"-l} ;

r=1

|l-['|+f}‘"

P=

F:_r||[|+;lr'}“-|

o )= f(x)
ro= e

1
—5

d =’J[-¥2 —X ]'2 + {}12 =¥ }2
y=mx+c
(x=af +(y=b) =12

a b
sgind sinf sinC

C
a

In AABC:

sin(a + ) = sin a.cos # + cos a.sin

cos(a+ ) =cosa.cos S —sin a.sin A
cos’ @ —sin’ @
cos2a =41=-2sin" &

2eos’ o -1

A =P(1-i)"

%[Za +(n-1)d]

rFzl

!

)

_1'2 -_T]

.'{'] +.r2 . }-‘I] +}-‘12
2 72

.

y=y=m(x-x)

2op? st 2becosA  area AABC :Elah.sin C

sin(a — 8) = sin @.cos § — cosa.sin

cos(a — ff) =cos a.cos B +sina.sin

sin 2 = 2s8ine.coser

P(4 or B) = P(4) + P(B) - P(4 and B)

_S-Fhy-P)

> (=%
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